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ON TATE’S CONJECTURE FOR ELLIPTIC MODULAR SURFACES OVER FINITE FIELDS
RÉMI LODH
Abstract. For N ≥ 3, we show Tate’s conjecture for the elliptic modular surface E(N) of level N over Fp for
a prime p satisfying p ≡ 1 mod N outside of a set of primes of density zero. We also prove a strong form
of Tate’s conjecture for E(N) over any finite field of characteristic p prime to N under the assumption that the
formal Brauer group of E(N) is of finite height.
Introduction
In this paper we study cohomology classes of divisors on the elliptic modular surface E(N) of level N,
where N ≥ 3. By definition, E(N) is the universal object over the moduli space X(N) of generalized elliptic
curves with level N structure. Fix a prime p which does not divide N. Our first result is the following
theorem, which goes back to Shioda [18, Appendix] for N = 4.
Theorem 1 (Corollary 7). Assume the partial semi-simplicity conjecture (PS) is true for E(N)Fp . If p ≡ 1
mod N, then Tate’s conjecture holds for each connected component of E(N)Fp . Moreover, the Mordell-Weil
group of a generic fibre of E(N)Fp → X(N)Fp is isomorphic to (Z/N)2.
The partial semi-simplicity conjecture for a smooth projective surface S over a finite field k is the follow-
ing statement: if q = #k, then
(PS) H2cris(S )(Fq−q
2)=0 = H2cris(S )Fq=q
where H2
cris(S ) = H2cris(S/W(k)) ⊗ Q is the second crystalline cohomology group of S and Fq is the q-power
Frobenius endomorphism. It is a consequence of Tate’s conjecture. For E(N)Fp , it is related to estimates for
the absolute value of the Fourier coefficients of normalized newforms of weight 3, see [3]. Such estimates
can be shown to hold if the field of coefficients of the newform is totally real, or for CM forms, but the
general case is unknown. In any case, we can show that it holds for all primes p outside of a set of density
zero, viz.
Corollary 1 (Corollary 8). The conclusion of Theorem 1 holds for all p ≡ 1 mod N outside of a set of
primes of density zero.
For arbitrary p, we can also show Tate’s conjecture under a completely different assumption, namely that
the formal Brauer group of E(N)Fp is a formal Lie group of finite height. In fact, writing Tp A = lim←− n A[p
n]
where A[m] ⊂ A is the subgroup of m-torsion (m ∈ Z) for any abelian group A, we have
Theorem 2 (Corollary 14). If the formal Brauer group of a connected component of E(N)
¯Fp
has finite height,
then Tp Br(E(N) ¯Fp ) = 0.
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However, it seems to be a difficult arithmetic problem to determine for which p the reduction of E(N)
has finite height formal Brauer group. Shioda [18, 19] has shown that E(4)
¯Fp
is a K3 surface whose formal
Brauer group is of finite height if and only if p ≡ 1 mod 4, but we do not know what happens for N > 4.
The starting point for the proofs of both Theorems 1 and 2 is the following fact:
(HT) Vp Br(E(N) ¯Q) is a Hodge-Tate representation with weights ± 1.
Here Br(−) := H2(−,Gm) denotes the cohomological Brauer group and for any abelian group A we write
VpA := TpA ⊗ Q.
We can summarize our method of proof of Theorem 1 as follows. Let Ip be the extension to E(N) of the
morphism of X(N) obtained by multiplying the level structure by p ∈ (Z/N)∗ and let U ⊂ Vp Br(E(N) ¯Q) be
the subset on which Ip acts trivially. Then (modulo (PS)) (HT) and the Eichler-Shimura congruence relation
imply Dcris(U)ϕ=1 = 0, where ϕ is the Frobenius. For p ≡ 1 mod N, Ip is the identity and the theorem
follows. In the case p . 1 mod N we only know Shioda’s result [19] for N = 4.
The proof of Theorem 2 is much more straightforward: it makes no use of Hecke operators and applies
more generally to any proper smooth surface over a finite extension of Zp satisfying (HT) and whose formal
Brauer group has finite height (cf. Corollary 13), thereby establishing a relationship between (HT) and Tate’s
conjecture in this case.
Notation. All sheaves and cohomology will be for the étale topology, except where otherwise stated.
We denote by k a perfect field of characteristic p > 0, W = W(k) its ring of Witt vectors, K0 = W[1/p], ¯k
an algebraic closure of k, ¯K be an algebraic closure of K0, GK0 = Gal( ¯K/K0), ˆ¯K the completion of ¯K for the
p-adic norm.
1. A general result
We assume familiarity with Fontaine’s basic theory [8, 9, 4].
1.1. Autodual crystalline representations. Let V be a p-adic representation of GK0 . We say that V is
autodual if it is isomorphic to its dual, i.e. it has a non-degenerate bilinear form
V ⊗Qp V → Qp
which is a homomorphism of GK0 -modules.
Proposition 1. Let V be an autodual crystalline representation of GK0 and let D := Dcris(V) be the associated
filtered ϕ-module. Suppose the endomorphism T := ϕ+ϕ−1 of D satisfies T (F1D) ⊂ F1D. If D(ϕ−1)2=0 = Dϕ=1
and VGK0 = 0, then Dϕ=1 = 0.
Proof. The bilinear form on V induces a non-degenerate bilinear form · on D. Endow Dϕ=1 with the induced
filtration from D. Since V is crystalline we have F0Dϕ=1 = VGK0 = 0. If Dϕ=1 = F0Dϕ=1, then we are done. If
not, then there is i < 0 and x ∈ F iDϕ=1\F i+1Dϕ=1. Since V is autodual, the map c : D → D∗ := HomK0 (D, K0)
induced by · is an isomorphism of filtered ϕ-modules, so we have x∗ := c(x) ∈ F iD∗ \ F i+1D∗. Note that x∗
is the map D ∋ y 7→ x · y ∈ K0. Since by definition
F iD∗ = { f ∈ D∗ : f (F jD) ⊂ F j+iK0 ∀ j ∈ Z}
the condition x∗ < F i+1D∗ means that there is j such that x∗(F jD) 1 F j+i+1K0, where K0 has the trivial
filtration, i.e.
FkK0 =
K0 k ≤ 00 k > 0.
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If x∗(F jD) 1 F j+i+1K0, then we must have x∗(F jD) , 0, hence x∗(F jD) = K0. So to say that x∗(F jD) 1
F j+i+1K0 but x∗(F jD) ⊂ F i+ jK0 is equivalent to the condition j + i = 0. Hence j = −i > 0, and there is an
element y ∈ F1D such that x · y , 0.
Now, up to dividing y by x · y we may assume that x · y ∈ Qp. Let P(t) ∈ W[t] be such that P(T )y = 0.
Since ϕ(x) = x we have x · T (d) = T (x · d) for all d ∈ D, hence
0 = x · P(T )y = P(T )(x · y) = (x · y)P(2).
So P(2) = 0 and we deduce that P(t) = (t − 2)eQ(t) for some e ∈ N and some polynomial Q(t) not divisible
by t − 2. Let z := Q(T )y. Note that x · z = (x · y)Q(2) , 0. Multiplying the equation (T − 2)ez = 0 by ϕe
we find (ϕ − 1)2ez = 0, hence ϕ(z) = z since D(ϕ−1)2=0 = Dϕ=1. As F1D is stable under T by assumption, we
have z ∈ F1D. Thus, z ∈ F1Dϕ=1 ⊂ VGK0 = 0, hence x = 0, and this completes the proof. 
Remark. The above argument no longer works if one replaces ϕ by a power ϕr . The problem is related to
the fact that, unlike the case r = 1, for r > 1 we may have F1Bϕ
r=1
cris , 0.
1.2. Application to surfaces. Let E → Spec(W) be a smooth projective morphism with geometrically
connected fibres of dimension 2. Let Kur0 be the maximal unramified extension of K0 in ¯K. The Kummer
sequence gives an exact sequence of GK0 -representations
0 → NS (E
¯K) ⊗ Qp → H2e´t(E ¯K ,Qp)(1) → Vp Br(E ¯K) → 0
where NS := Pic / Pic0 is the Néron-Severi group. By p-adic Hodge theory, applying the functor Dcris we
get an exact sequence
0 → Dcris(NS (E ¯K)Qp) → H2cris(Ek/K0)[1] → Dcris(Vp Br(E ¯K)) → 0
where for a filtered ϕ-module D we denote D[1] the filtered ϕ-module whose underlying K0-module is D
with ϕD[1] := p−1ϕD and F iD[1] := F i+1D. On the other hand, there is the specialization map
sp : NS (E
¯K) → NS (E ¯k)
([2, Exp. E, appendix, 7.12]) which is functorial in E (hence GK0 -equivariant) and injective up to tor-
sion (since the Néron-Severi group is finitely generated this can be checked using l-adic cohomology). So
NS (E
¯K)⊗Qp is an unramified discrete representation of GK0 hence is Kur0 -admissible. Thus, Dcris(NS (E ¯K)Qp ) =(
NS (E
¯K) ⊗ Kur0
)Gal(Kur0 /K0)
, and Dcris(NS (E ¯k)Qp) =
(
NS (E
¯k) ⊗ Kur0
)Gal(Kur0 /K0) and we have a commutative dia-
gram
Dcris(NS (E ¯K)Qp )
sp
//

Dcris(NS (E ¯k)Qp )
c1

H2
cris(Ek/K0)[1] H2cris(Ek/K0)[1]
where c1 is the first Chern class. In fact, c1 is injective since
NS (E
¯k)Qp ⊂
(
H2cris(Ek/K0)[1] ⊗K0 Kur0
)ϕ=1
.
Therefore, defining C := H2
cris(Ek/K0)[1]/Dcris(NS (E ¯k)Qp), we have a commutative diagram with exact rows
0 // Dcris(NS (E ¯K)Qp ) //

H2
cris(Ek/K0)[1] // Dcris(Vp Br(E ¯K)) //

0
0 // Dcris(NS (E ¯k)Qp ) // H2cris(Ek/K0)[1] // C // 0
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and so setting M := Dcris(NS (E ¯k)Qp )/Dcris(NS (E ¯K)Qp ) we deduce an exact sequence of ϕ-modules
0 → M → Dcris(Vp Br(E ¯K)) → C → 0.
Theorem 3. Let D := Dcris(Vp Br(E ¯K)) and T := ϕ + ϕ−1. If D(ϕ−1)2=0 = Dϕ=1, T (F1D) ⊂ F1D and
Vp Br(E ¯K)GK0 = 0, then Mϕ=1 = 0 = Cϕ=1.
Proof. By Poincaré duality, cup product is non-degenerate on H2
e´t(E ¯K ,Qp)(1), and since numerical and alge-
braic equivalence coincide up to torsion for divisors ([13, 9.6.17]), it is also non-degenerate on NS (E
¯K)Qp . It
follows that Vp Br(E ¯K) 
(
NS (E
¯K)Qp
)⊥
has a non-degenerate symmetric bilinear form we may apply Propo-
sition 1 to obtain Dϕ=1 = 0. Moreover, the restriction of this form to M is non-degenerate since cup product
is non-degenerate on both Dcris(NS (E ¯K)Qp ) and Dcris(NS (E ¯k)Qp). Thus, C  M⊥ and hence Cϕ=1 = 0. 
Corollary 2. Under the assumptions of Theorem 3, Tate’s conjecture holds for Ek and we have
NS (E
¯K)GK0 ⊗ Q = NS (E ¯k)GK0 ⊗ Q.
Proof. Tate’s conjecture is well-known to be equivalent to the statement Cϕ=1 = 0 ([14]). For the second
statement, note that we have an exact sequence
0 → Dcris(NS (E ¯K)Qp )ϕ=1 → Dcris(NS (E ¯k)Qp )ϕ=1 → Mϕ=1
so since Mϕ=1 = 0 we have(
NS (E
¯K) ⊗ Qp
)GK0
= Dcris(NS (E ¯K)Qp)ϕ=1 = Dcris(NS (E ¯k)Qp )ϕ=1 =
(
NS (E
¯k) ⊗ Qp
)GK0
as claimed. 
2. Elliptic modular surfaces
We fix throughout an integer N and a prime number p which does not divide N.
2.1. Definition. For N ≥ 3, let Y(N) to be moduli Z[1/N]-scheme of elliptic curves with level N structure
and let X(N) be its modular compatification. X(N) classifies generalized elliptic curves with level N structure
whose singular fibres are Néron N-gons. X(N) is smooth over Z[1/N] and the normalization of Z[1/N] in
X(N) is Z[ζN , 1/N], where ζN is a primitive Nth root of unity. See [6] for details. We denote the universal
generalized elliptic curve by
g : E(N) → X(N).
E(N) is the elliptic modular surface of level N studied in [18]. That it is smooth over Z[1/N] follows from
the results of [6, VII].
2.2. Application of Hodge theory. Assume ζN ∈ W (note that this is always possible if p ≡ 1 mod N, for
then ζ pN = ζN , so ζN ∈ Zp). To simplify the notation write
E := E(N) ⊗Z[ζN ] W, X := X(N) ⊗Z[ζN ] W, Y := Y(N) ⊗Z[ζN ] W, Σ := X \ Y.
Let L be the conormal sheaf of the zero section of g : E → X, and let ω = Ω1X(logΣ) denote the line bundle
of differential forms on X with logarithmic poles along Σ.
Theorem 4 (Faltings). There are GK0 -equivariant isomorphisms
H1(Y
¯K ,R1g∗Qp(1)) ⊗Qp ˆ¯K = H1(X, L⊗−1) ⊗W ˆ¯K(1) ⊕ H0(X, L ⊗ ω) ⊗W ˆ¯K(−1)
˜H1(Y
¯K ,R1g∗Qp(1)) ⊗Qp ˆ¯K = H1(X, L⊗−1) ⊗W ˆ¯K(1) ⊕ H0(X, L ⊗Ω1X) ⊗W ˆ¯K(−1)
where ˜H1 := im(H1c → H1) is the parabolic cohomology.
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Proof. This is a special case of the p-adic Eichler-Shimura isomorphism of [7]. 
Let I ⊂ GK0 be the inertia group.
Corollary 3. If XH is representable, then H1(Y ¯K ,R1g∗Qp(1)) is a Hodge-Tate representation with weights
±1. In particular, H1(Y
¯K ,R1g∗Qp(1))I = 0.
Corollary 4. Let E′ = E ×X Y. Then
(i) H2(E′
¯K ,Qp(1)) = H1(Y ¯K ,R1g∗Qp(1))⊕Qpe, where e denotes the characteristic class of the zero section
of g
(ii) H2(E
¯K ,Qp(1))I is generated as a Qp-vector space by the characteristic classes of the irreducible com-
ponents of singular fibres of g together with e.
Proof. Since Y
¯K is an affine curve, the Leray spectral sequence
Hi(Y
¯K ,R jg∗Qp(1)) ⇒ Hi+ j(E′¯K ,Qp(1))
gives an exact sequence
0 → H1(Y
¯K ,R1g∗Qp(1)) → H2(E′¯K ,Qp(1)) → H0(Y ¯K ,R2g∗Qp(1)) → 0
so H2(E′
¯K ,Qp(1))I ⊂ H0(Y ¯K ,R2g∗Qp(1)) = Qp. In fact we must have equality since the class e of the zero
section of g cannot be trivial. So e gives a splitting of the sequence, proving (i). For (ii) it suffices to note
that the kernel of the map H2(E
¯K ,Qp(1)) → H2(E′
¯K ,Qp(1)) is generated by the classes of the components of
the fibres over the cusps. 
Note that combined with the Shioda-Tate formula ([18, 1.5]) this implies that the rank of the Mordell-Weil
group of the generic fibre of g is zero, a result of Shioda [18, 5.1].
Corollary 5. Vp Br(E ¯K) ⊗Qp ˆ¯K = H2(E,OE) ⊗ ˆ¯K(1) ⊕ H0(E,Ω2E) ⊗ ˆ¯K(−1). In particular, Vp Br(E ¯K)I = 0.
Proof. We have Vp Br(E ¯K) ⊂ Vp Br(E′
¯K) ([10, II, 1.10]) and the latter is a quotient of H1(Y ¯K ,R1g∗Qp(1))
by the last corollary, hence Vp Br(E ¯K) is a Hodge-Tate representation with weights contained in {±1}. In
particular, Vp Br(E ¯K)⊗Qp ˆ¯K∩H1(E,Ω1E)⊗ ˆ¯K = 0, and so Vp Br(E ¯K)⊗Qp ˆ¯K ⊂ H2(E,OE)⊗ ˆ¯K(1)⊕H0(E,Ω2E)⊗
ˆ¯K(−1). Since
dimQp Vp Br(E ¯K) = dimQp H2(E ¯K ,Qp(1)) − dimQp NS (X ¯K) ⊗ Qp
≥ dimQp H2(E ¯K ,Qp(1)) − dim ˆ¯K H1(E,Ω1E) ⊗ ˆ¯K
= dim
ˆ¯K H
2(E,OE) ⊗ ˆ¯K(1) + dim ˆ¯K H0(E,Ω2E) ⊗ ˆ¯K(−1)
this implies the result. 
Corollary 6. There is a canonical isomorphism Vp Br(E ¯K) = ˜H1(Y ¯K ,R1g∗Qp(1)).
Proof. Let E′ := E ×X Y and write V := ˜H1(Y(C),R1g∗Z(1)). By the classical Eichler-Shimura iso-
morphism (cf. Theorem 4), V is a weight 0 Hodge structure of type {(1,−1), (−1, 1)}. We have V ⊂
H1(Y(C),R1g∗Z(1)) ⊂ H2(E′(C),Z(1)) and since NS (E′C) := im(NS (EC) → H2(E′(C),Z(1)) is a Hodge
structure of type (0, 0) we have (V ∩ NS (E′
C
)) ⊗ Q = 0, hence V ⊗ Q ⊂ H2(E′(C),Q(1))/NS (E′
C
) ⊗ Q.
Now E \ E′ =
∐
x∈Σ g−1(x) is the disjoint union of the singular fibres of g, and we have an exact sequence
in singular cohomology
H2(E(C),Z(1)) → H2(E′(C),Z(1)) → ⊕x∈Σ( ¯K)H3g−1(x)(E(C),Z(1)).
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We also have a commutative diagram
0 −−−−−→ NS (EC) −−−−−→ H2(E(C),Z(1)) −−−−−→ H2(E(C),Z(1))/NS (EC) −−−−−→ 0y y y
0 −−−−−→ NS (E′
C
) −−−−−→ H2(E′(C),Z(1)) −−−−−→ H2(E′(C),Z(1))/NS (E′
C
) −−−−−→ 0
in which the left vertical map is surjective, hence the right vertical map is injective and we deduce an exact
sequence
0 → H2(E(C),Z(1))/NS (EC) → H2(E′(C),Z(1))/NS (E′C) → ⊕x∈Σ( ¯K)H3g−1(x)(E(C),Z(1)).
By Poincaré duality H3g−1(x)(E(C),Q(1))∗ = H1(g−1(x)(C),Q(1)) = Q(1) (since g−1(x) is a Néron polygon),
hence ⊕x∈Σ( ¯K)H3g−1(x)(E(C),Z(1)) is a Hodge structure of weight 2 and therefore the map
V → ⊕x∈Σ( ¯K)H3g−1(x)(E(C),Q(1))
is zero. Thus,
V ⊗ Q ⊂ H2(E(C),Q(1))/NS (EC) ⊗ Q.
Now by the Eichler-Shimura isomorphism we have dim V ⊗ Q = 2 dim H0(X, L ⊗ Ω1X), and since H0(X, L ⊗
Ω1X) = H0(E,Ω2E) ([16, th. 6.8]) from Corollary 5 (and Serre duality) we get dim V = dim Vp Br(E ¯K). Since(
H2(E(C),Z(1))/NS (EC)
)
⊗ Qp = Vp Br(E ¯K) we have V ⊗ Qp = Vp Br(E ¯K). 
Remark. Shioda [18] shows that H1(E,Ω1E) ⊗ ˆ¯K is generated by the classes of divisors, which together with
the Hodge-Tate decomposition gives another proof of Corollary 5. Combining this with Corollary 6, this
gives another proof that ˜H1(Y
¯K ,R1g∗Qp(1)) is a Hodge-Tate representation with weights ±1.
2.3. Application of Hecke operators. The Eichler-Shimura congruence relation relates the pth Hecke op-
erator Tp to the Frobenius morphism at p. We exploit this relationship to obtain the following
Theorem 5. If p ≡ 1 mod N and K0 = Qp, then T := ϕ+ϕ−1 is an endomorphism of D := Dcris(Vp Br(E ¯K))
which satisfies T (F1D) ⊂ F1D.
Proof. Recall ([6, V, 1.14]) that there is a regular proper Z[1/N]-scheme X(N, p) (denoted MΓ(N)∩Γ0 (p) in
loc. cit.; in [5] one only considers the dense open MN,p = M0Γ(N)∩Γ0(p)) classifying isomorphism classes of
p-isogenies φ : (E → S , α) → (E′ → S , α′). It is smooth away from p and has semi-stable reduction at p.
Consider the two canonical morphisms
q1 : X(N, p) → X(N) : φ 7→ (E → S , α)
and
q2 : X(N, p) → X(N) : φ 7→ (E′ → S , α′).
One can show that each qi is finite and flat. The universal object over X(N, p) is a p-isogeny
φ : q∗1E → q
∗
2E
where E → X(N) is the universal curve. By definition (cf. [5, 3.18]), the Hecke correspondence Tp on E is
the correspondence
q∗1E
q2◦φ
~~⑥⑥
⑥⑥
⑥⑥
⑥ q1
  ❆
❆❆
❆❆
❆❆
E E
ON TATE’S CONJECTURE FOR ELLIPTIC MODULAR SURFACES OVER FINITE FIELDS 7
that is, Tp = q1,∗φ∗q∗2. Now the Eichler-Shimura relation states that
Tp|Ek = F + Ip
tF
where F is the Frobenius, tF is its transpose as a correspondence, and Ip is the morphism of X(N) defined
Ip(E, α) := (E, pα). This can be proven in the same way as [5, 4.8], and we sketch the proof.
We first check the equality over a dense open of X(N, p). As shown in [5, 4.3], there is a dense open of
X(N, p)Fp isomorphic to the disjoint union of two copies of the dense open Y(N)hFp ⊂ Y(N)Fp , complement
of the supersingular points. Over one of these copies we have q1 = id, and q2 = FY(N) the Frobenius of
Y(N)h
Fp
, over the other q1 = FY(N) and q2 = Ip (cf. [6, V, 1.17]). In the first case the universal isogeny
is the relative Frobenius FE/Y(N) : (E, α) → (F∗Y(N)E, F∗Y(N)α), in the second the universal isogeny is its
transpose, the Verschiebung tFE/Y(N) : (F∗Y(N)E, F∗Y(N)α) → (E, p−1α) = I∗p(E, α). So in the first case the
Hecke correspondence is
E
FE/Y(N)
||②②
②②
②②
②②
②
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
✿✿
F∗Y(N)E
FY(N)
||②②
②②
②②
②②
E E
which is obviously F. In the second case it is
F∗Y(N)E
tFE/Y(N)
||①①
①①
①①
①①
FY(N)

❃❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃
I∗pE
Ip
~~⑥⑥
⑥⑥
⑥⑥
⑥
E E
i.e. Ip tF.
For the general case, first recall that the open immersion Y(N)h
Fp
∐
Y(N)h
Fp
→ X(N, p)Fp extends to a mor-
phism X(N)Fp
∐
X(N)Fp → X(N, p)Fp which identifies the domain with the disjoint union of the irreducible
components of the target [6, V, §1], hence is surjective. By the above this gives a surjective morphism
Ek
∐
F∗X(N)Ek → q
∗
1Ek. Therefore, im(q∗1Ek → Ek ×k Ek) = im(Ek
∐
F∗X(N)Ek → Ek ×k Ek) has at most two
irreducible components. Its irreducible components are therefore the transpose of the graph of F and the
graph of FI−1p (note that these are irreducible since Ek is). This proves the Eichler-Shimura relation.
Now since p ≡ 1 mod N, Ip is the identity map and we obtain the relation
(1) Tp|Ek = F + tF.
Since we have pϕ = F and tFF = p2 (dim Ek = 2), it follows that pT = Tp|Ek .
Finally, let Z := im(q∗1E → E ×W E). Note that since q∗1E is flat over W, so is Z. The correspondence Tp
acts as pr2,∗ ◦cZ ◦pr∗1, where cZ is the cup product with the characteristic class of Z, and pri : E×W E → E are
the projections. Therefore, to complete the proof it remains only to notice that the canonical isomorphism
H∗dR(EK0 ×K0 EK0 ) = H∗cris(Ek×k Ek/K0) is compatible with taking characteristic classes of closed subschemes
of E ×W E which are flat over W. Indeed, the isomorphism is compatible with Chern classes of line bundles,
hence also (by the splitting principle) with Chern classes of vector bundles, and the structure sheaf of a
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closed subscheme of E ×W E has a finite resolution by vector bundles which, if flat over W, reduces to give
a resolution on Ek ×k Ek. 
As a corollary we obtain Theorem 1.
Corollary 7. If k = Fp and p ≡ 1 mod N, then under hypothesis (PS) we have
(i) Tate’s conjecture holds for Ek
(ii) NS (E
¯K)GK0 ⊗ Q = NS (E ¯k)GK0 ⊗ Q
(iii) the Mordell-Weil group of the generic fibre of Ek → Xk is isomorphic to (Z/N)2.
Proof. Note that (PS) implies that Dcris(Vp Br(E(N) ¯K)(ϕ−1)2=0 = Dcris(Vp Br(E(N) ¯K))ϕ=1. So by Theorem
5, (i) and (ii) follow from Corollary 2. It follows from (ii) that the Mordell-Weil group is finite, hence
isomorphic to (Z/N)2 by [18, Appendix, Cor. 3]. 
2.4. Validity of (PS). We can show that (PS) holds for all primes outside of a set of density zero. For the
sake of brevity we only sketch the argument. Let Y1(N) denote the Deligne-Mumford moduli stack of pairs
(E → S , P, P′) where E → S is an elliptic curve over a Z[1/N]-scheme S , P ∈ E[N](S ) a point of exact order
N and P′ ∈ (E[N]
<P> )(S )  µN(S ) a point of exact order N. For N ≥ 5 it is known to be a Z[1/N, ζN]-scheme
with geometrically connected fibres. Let g : E1(N) → Y1(N) be the universal elliptic curve and consider
VN := ˜H1(Y1(N) ¯K ,R1g∗Qp)(1). We will first explain why (PS) holds for Dcris(VN) outside a set of primes of
density zero.
For every proper divisor d of N there are pairs of maps pii : VN/d → VN (i = 1, 2) defined just like
for modular forms. (One map is just the canonical “inclusion” and the other arises from the inclusion( d 0
0 1
)
Γ1(N)( d 00 1 )−1 ⊂ Γ1(N/d).) The image of these maps is a subspace VoldN of VN . Its orthogonal comple-
ment under the cup product is a subspace VnewN which corresponds to newforms. The latter splits under the
action of the Hecke algebra as a direct sum
VnewN = ⊕
m
i=1V( fi)
where f1, ..., fm are a choice of representatives of the Gal( ¯Q/Q)-conjugacy classes of weight 3 normalized
newforms for Γ1(N), and V( fi)(−1) is the Galois representation associated to fi by Deligne. Now, by autod-
uality we have
VoldN ⊂
∏
d|N,d>1
V⊕2N/d
so by induction on N we may assume (PS) to hold for Dcris(VoldN ). The space V( fi) is free of rank 2
over K fi ⊗ Qp, where K fi is the field of coefficients of fi. If ϕ is the Frobenius, we want to show that
Dcris(V( fi))(ϕn−1)2=0 = Dcris(V( fi))ϕn=1 for some fixed n. This is immediate if fi has CM: in this case ϕ2 acts
as a diagonal matrix [15]. If fi does not have CM and (PS) does not hold, then the minimal polynomial of
ϕn is (t − 1)2, so both eigenvalues of ϕn are equal to 1. Since the trace of ϕ is equal to app , where ap is the
pth coefficient of fi, this implies that ap = (ζ + ζ′)p for some nth roots of unity ζ, ζ′. By [17], this can only
happen for a set of primes of density zero (dependent on the choice of n). For given N and K0 we can take n
such that pn = #k.
Finally, if ζN2 ∈ K0, then there is a dominant morphism Y1(N2)K0 → Y(N)K0 arising from the in-
clusion
( N 0
0 1
)
Γ1(N2)( N 00 1 )−1 ⊂ Γ(N). From this one can deduce (PS) for Dcris( ˜H1(Y(N) ¯K ,R1g∗Qp(1))) =
Dcris(Vp Br(E(N) ¯K)).
Corollary 8. For k = Fp and p ≡ 1 mod N, the conclusion of Corollary 7 holds outside of a set of primes
of density zero.
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3. The finite height case
Let W ⊂ V be a finite extension of discrete valuation rings, kV (resp. K) the residue (resp. fraction) field
of V , and set T := Spec(V).
3.1. The formal Brauer group. Let f : X → T be a proper smooth morphism. Artin and Mazur considered
the sheaves
S  Ĝm(S ) := ker(Gm(S ) → Gm(S red))
on the big étale site of X and
Φi := Ri f∗Ĝm
on the big étale site of T , and proved the following ([1, II, 2.12]).
Theorem 6 (Artin-Mazur). If Φi−1 is a formally smooth functor and Hi+1(XkV ,OXkV ) = 0, then Φi is pro-
representable by a formal Lie group over V.
Corollary 9. Assume dim XkV = 2. If Φ1 is formally smooth, then Φ2 is pro-representable by a formal Lie
group over V, called the formal Brauer group.
Now if we assume Φ2 is a formal Lie group of finite height (i.e. a connected p-divisible group), then we
obtain the following.
Corollary 10. Assume k is finite and dim XkV = 2. Let ¯V be the normalization of V in ¯K. If Φ1 is formally
smooth and Φ2 is of finite height, then the canonical map
ρ : lim
−→
V ′⊂ ¯V
lim
←−
n
H2(XV ′/pnV ′ ,Gm) → Br(X¯k)
is surjective on p-primary torsion components, where the direct limit is taken over all finite extensions of
discrete valuation rings V ⊂ V ′ contained in ¯V.
Proof. It suffices to show that ρ is surjective and ker(ρ) is a p-divisible abelian group. To this end, consider
the exact sequence of étale sheaves on XV ′/pnV ′
(2) 1 → Ĝm → Gm,XV′/pnV′ → Gm,XkV′ → 1.
Note that since V ′ is a henselian discrete valuation ring with finite residue field for any torsion étale sheaf F
on V ′ we have Hi(V ′,F ) = 0 for i > 1 and H1(V ′,F ) = (F (¯k))GkV′ (coinvariants), where GkV′ := Gal(¯k/kV ′ ).
Let V ′ ⊂ V be the maximal unramified extension. From the Leray spectral sequence for the Galois covering
V ′ ⊂ V we get an exact sequence
0 → H1(XV/pnV, Ĝm)GkV′ → H
2(XV ′/pnV ′ , Ĝm) → H2(XV/pnV, Ĝm)GkV′ → 0
i.e.
0 → Φ1(V/pnV)GkV′ → H
2(XV ′/pnV ′ , Ĝm) → Φ2(V ′/pnV ′) → 0.
Now since the ideal ker(OXV′/pnV′ → OXkV′ ) is nilpotent, the sheaf Ĝm has a finite filtration with quotients
isomorphic to OXkV′ , and this implies that H
i(XV ′/pnV ′ , Ĝm) is finite for all i. So taking the inverse limit in the
exact sequence we obtain an exact sequence
0 → lim
←−
n
Φ1(V/pnV)GkV′ → lim←−
n
H2(XV ′/pnV ′ , Ĝm) → Φ2(V ′) → 0.
Now assume the following:
(D) lim
−→
V ′⊂V
lim
←−
n
Φ1(V/pnV)GkV′ is a p-divisible abelian group.
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This implies that
lim
−→
V ′⊂ ¯V
lim
←−
n
H2(XV ′/pnV ′ , Ĝm)
is a p-divisible abelian group: by the above we have a surjective map
lim
−→
V ′⊂ ¯V
lim
←−
n
H2(XV ′/pnV ′ , Ĝm) → lim
−→
V ′⊂ ¯V
Φ2(V ′) = Φ2( ¯V)
whose kernel is p-divisible by (D), and by [20, Cor. to Prop. 4] Φ2( ¯V) is a p-divisible abelian group. Taking
cohomology in the exact sequence (2) we get an exact sequence
H2(XV ′/pnV ′ , Ĝm) → H2(XV ′/pnV ′ ,Gm) → Br(XkV′ ) → 0
(the exactness on the right follows from dim XkV′ = 2). Since H2(XV ′/pnV ′ , Ĝm) is finite taking limits we get
an exact sequence
lim
−→
V ′⊂ ¯V
lim
←−
n
H2(XV ′/pnV ′ , Ĝm) → lim
−→
V ′⊂ ¯V
lim
←−
n
H2(XV ′/pnV ′ ,Gm)
ρ
→ Br(X
¯k) → 0
and this implies the result.
So it suffices to show (D). We claim that M :=
(
lim
←− n
Φ1(V/pnV)
)
⊗ Z/p is a discrete GkV′ -module (i.e.
the stabilizer of every element is open in GkV′ ). Indeed, taking cohomology in (2) we get an exact sequence
0 → Φ1(V/pnV) → Pic(XV/pnV) → Pic(XkV)
whence an exact sequence
0 → lim
←−
n
Φ1(V/pnV) → lim
←−
n
Pic(XV/pnV) → Pic(XkV).
Now, denoting by X̂V the formal completion of XV along its special fibre over Spec(V), we have
lim
←−
n
Pic(XV/pnV) = Pic(X̂V)
so it clearly suffices to show that Pic(X̂V) ⊗ Z/p is a discrete GkV′ -module. But taking cohomology in the
exact sequence on X̂V
1 → 1 + p2OX̂V → Gm,X̂V → Gm,XV/p2V → 1
we get an exact sequence
H1(X̂V, 1 + p2OX̂V ) → Pic(X̂V) → Pic(XV/p2V)
and one sees easily (cf. §3.2) that the (usual) logarithm induces an isomorphism
log : H1(X̂V, 1 + p2OX̂V )  H1(X̂V, p2OX̂V )
and the claim follows from this. Finally, note that since Φ1 is formally smooth by assumption, the maps
Φ1(V/pn+1V) → Φ1(V/pnV) are surjective for all n, so in particular lim
←−
(1)
n
Φ1(V/pnV) = 0. If γ ∈ GkV′ is
a topological generator, then we have an exact sequence
0 → Φ1(V/pnV)GkV′ → Φ1(V/pnV) γ−1→ Φ1(V/pnV) → Φ1(V/pnV)GkV′ → 0.
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Noting that Φ1(V/pnV)GkV′ = Φ1(V ′/pnV ′), hence lim
←−
(1)
n
Φ1(V/pnV)GkV′ = 0 (again by the formal smooth-
ness of Φ1), and taking limits in this sequence we find
lim
←−
n
Φ1(V/pnV)GkV′ =
lim←−
n
Φ1(V/pnV)

GkV′
.
Since direct limits commute with tensor product we get lim−→
V ′⊂V
lim
←−
n
Φ1(V/pnV)GkV′
 ⊗ Z/p = lim−→
V ′⊂V
(lim←−
n
Φ1(V/pnV)) ⊗ Z/p

GkV′
= lim
−→
V ′⊂V
MGkV′ .
Now as M is a torsion discrete GkV′ -module we have
lim
−→
V ′⊂V
MGkV′ = lim−→
V ′⊂V
H1(kV ′ , M) = 0
which proves (D). 
3.1.1. Example: elliptic surfaces. Suppose that f : X → T is a projective flat morphism with geometrically
integral fibres. Then R1 f∗Gm is representable by a scheme PicX/T which is locally of finite type over T ([13,
9.4.8]). Moreover, for all t ∈ T , H1(Xt,OXt ) is the tangent space of (PicX/T )t = PicXt/t at the origin ([13,
9.5.11]), hence PicXt/t is smooth over t if and only if
dim PicXt/t ≥ dim H1(Xt,OXt )
in which case we have equality since the reverse inequality always holds.
Now let Y → T be a smooth projective curve, and let g : X → Y be an elliptic fibration, i.e. g is a
projective morphism with a section whose geometric fibres are connected of dimension 1 and whose generic
fibre in each fibre over T is smooth of genus 1. Assume further that Xt is a non-isotrivial smooth elliptic
surface for all t ∈ T (in particular X is smooth over T ). Then the map
Pic0Yt/t → Pic
0
Xt/t
is an isomorphism for all t ∈ T ([16, th. 6.12]). In particular, the map H1(Yt,OYt ) → H1(Xt,OXt ) is an
isomorphism for all t ∈ T , hence dim H1(Xt,OXt ) is independent of t, since this is true for Y. PicXK/K being
smooth (char(K) = 0), we get dim PicXK/K = dim H1(Xk,OXk ). Since the connected component Pic0X/T of 0
in PicX/T is proper over T ([13, 9.6.18]), we have
dim PicXkV /kV = dim Pic
0
XkV /kV
≥ dim Pic0XK/K = dim H
1(XkV ,OXkV )
so PicXkV /kV is smooth. By [13, 9.5.20], this implies that Pic0X/T is smooth over T . (Note however that this
does not imply that PicX/T is smooth over T , cf. [13, 9.5.22].) Since Φ1 is the completion of Pic0X/T along its
zero section, it is formally smooth in this case.
3.2. Relationship between Br(X
¯V) and Br(X¯k). For a scheme S write S n := S ⊗ Z/pn. Let f : X → T be a
proper smooth morphism with geometrically connected fibres, and let ˆX := lim
−→n
Xn be the p-adic completion
of X. In the sequel let j : XK ⊂ X and i : X1 ⊂ X be the inclusions. Then we have exact sequences of étale
sheaves on X
0 → j!Gm → Gm → i∗i∗Gm → 0
and
0 → 1 + p2i∗i∗OX → i∗i∗Gm → i∗Gm,X2 → 0
where, for a morphism g of schemes, g∗ always denotes the inverse image functor and not module pullback.
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Lemma 1. We have i∗Gm[pn] = i∗ f ∗(O∗T [pn]) = Gm, ˆX[pn] for all n, where Gm, ˆX = lim←− nGm,Xn .
Proof. Since the generic fibre of f is geometrically connected, K is algebraically closed in the fraction field
of X. Let x → XkV be a geometric point and let V ′ be the normalization of V inOX,x. If pi ∈ V is a uniformizer,
by flatness we have V ′/piV ′ ⊂ OX,x/piOX,x = OXkV ,x, hence pi ∈ V
′ is also a uniformizer and V ′ is unramified
over V . In particular any p-power root of unity in OX,x already lies in V , i.e. i∗Gm[pn] = i∗ f ∗(O∗T [pn]). For
the second equality, note that since X is excellent, the formal fibres of OX,x are geometrically integral ([11,
IV, 18.9.1]), hence OX,x is integrally closed in its completion (since X is normal). In particular, Gm, ˆX[pn] =
i∗Gm[pn]. 
Lemma 2. Let A be a p-adically complete ring. For all n ≥ 1 the logarithm induces a natural isomorphism
1 + pn+1A  pn+1A. In particular, (1 + pn+1A)p = 1 + pn+2A.
Proof. The logarithm induces a map
log : 1 + pn+1A → pn+1A
1 + pn+1x 7→ −pn+1
∑
r>0
p(n+1)(r−1)(−x)r
r
and the exponential
exp : pn+1A → 1 + pn+1A
pn+1x 7→ 1 + pn+1
∑
r>0
p(n+1)(r−1)xr
r!
is its inverse. Recall that vp(r!) ≤ r − 1p − 1 , so in particular vp(r!) < (n + 1)(r − 1) and limr→+∞(n + 1)(r − 1) −
vp(r!) = +∞ for all n ≥ 1, hence these homomorphisms are well-defined. 
Proposition 2. The inclusion (1+ pn+1i∗i∗OX)p ⊂ 1+ pn+2i∗i∗OX is bijective and
(
1 + pn+1i∗i∗OX
)
⊗Z/pm 
pn+1OX/pn+1+mOX for all n,m ≥ 1.
Proof. This is local so we may assume that X = Spec(R) is the spectrum of a henselian regular local ring
with p in its maximal ideal. If ˆR denotes the p-adic completion we have a commutative diagram with exact
rows
1 // (1 + pn+1R)p

// 1 + pn+1R

// C

// 0
1 // (1 + pn+1 ˆR)p // 1 + pn+1 ˆR // pn+1R/pn+2R // 0
where the middle vertical map is injective and the bottom right term follows from Lemma 2. The statement
amounts to showing that the right vertical map is injective since it is already clearly surjective. For this it
suffices to show that the cokernel D of the left vertical map is p-torsion free. This follows immediately from
the fact, already noted in the proof of Lemma 1, that R is integrally closed in ˆR. 
Corollary 11. For all n the canonical map
Gm,X/pn → i∗Gm, ˆX/pn
is bijective.
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Proof. Since j!Gm is p-divisible ( j! being exact), we have Gm,X/pn = i∗i∗Gm,X/pn. Now we have a commu-
tative diagram
0 −−−−−→ 1 + p2i∗OX −−−−−→ i∗Gm,X −−−−−→ Gm,X2 −−−−−→ 0y y ∥∥∥∥
0 −−−−−→ 1 + p2O
ˆX −−−−−→ Gm, ˆX −−−−−→ Gm,X2 −−−−−→ 0
so reducing modulo pn we see that the result follows from Proposition 2 and the five lemma. 
Proposition 3. The canonical map Br(X) → H2(X1,Gm, ˆX) is surjective on p-primary torsion components.
Proof. Let T ⊂ Gm,X and F ⊂ Gm, ˆX be the p-power torsion subsheaves, and define G′m,X := Gm/T and
G′
m, ˆX
:= Gm/F . By Lemma 1 F is a finite constant sheaf and we have an exact sequence
(3) 0 → j!Qp/Zp(1) → T → F → 0.
By the proper base change theorem we have Hn(X,T ) = Hn(X1,F ) = Hn(X,F ) for all n, hence we deduce
a commutative diagram with exact rows
H2(X,F ) −−−−−→ H2(X,Gm) −−−−−→ H2(X,G′m,X) −−−−−→ H3(X,F )∥∥∥∥ y y ∥∥∥∥
H2(X1,F ) −−−−−→ H2(X1,Gm, ˆX) −−−−−→ H2(X1,G′m, ˆX) −−−−−→ H3(X1,F )
and since Br(X) = H2(X,Gm) is torsion ([10, II, 1.4]) an easy diagram chase shows that it suffices to prove
that the map
H2(X,G′m,X) → H2(X1,G′m, ˆX)
is surjective on p-primary torsion. Now since the functor j! is exact, j!Qp/Zp(1) is divisible, so from the
sequence (3) for all n we get an exact sequence
0 → F /pn → Gm,X/pn →
(
G′m,X
)
/pn → 0
and therefore by Corollary 11 we deduce isomorphisms
G′m,X/p
n = G′
m, ˆX/p
n
for all n. Hence for all n we have a commutative diagram with exact rows
H1(X,G′m,X/pn) −−−−−→ H2(X,G′m,X)[pn] −−−−−→ 0∥∥∥∥ y
H1(X1,G′
m, ˆX
/pn) −−−−−→ H2(X1,G′
m, ˆX
)[pn] −−−−−→ 0
and the result follows. 
Denote by lim
←−
(m)
n
the right derived functors of lim
←− n
.
Proposition 4.
(i) Suppose {Fn}n∈N is an inverse system of sheaves of abelian groups on X1 such that for any étale map
h : U → X1 with U affine we have
(a) the transition maps Fn+1(U) → Fn(U) are surjective for all n
(b) Hi(U,Fn) = 0 for all i > 0 and any n.
Then lim
←−
(m)
n
Fn = 0 for all m ≥ 1.
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(ii) lim
←−
(m)
n
Gm,Xn = 0 for m ≥ 1.
(iii) There are canonical isomorphisms Hi(X1,Gm, ˆX) = Hicont(X1, {Gm,Xn }) for all i, where H∗cont is the con-
tinuous étale cohomology, i.e. the derived functor of lim
←− n
H0(X1,−) ([12]).
Proof. First note that since Hom commutes with products in the right argument, h∗ commutes with products.
If dn : Fn+1 → Fn are the transition maps, then we have a left-exact sequence
0 → lim
←−
n
Fn →
∏
n
Fn
id−dn
−→
∏
n
Fn → 0
which is also right-exact by virtue of property (a) and the well-known exact sequence ([12, 1.4])
0 → lim
←−
n
Fn(U) →
∏
n
Fn(U) id−dn−→
∏
n
Fn(U) → lim
←−
n
(1) (Fn(U)) → 0.
An object {In}n of the category of inverse systems of sheaves of abelian groups is injective if and only if
each In is injective and the transition maps dn : In+1 → In are split surjective ([12, 1.1]). In particular, the
sequence
0 → lim
←−
n
In →
∏
n
In
id−dn
−→
∏
n
In → 0
is exact. Now let {Fn} ⊂ {In}with {In} an injective inverse system of sheaves of abelian groups, and consider
the exact sequence
0 → Fn → In → Gn → 0
where Gn = In/Fn. Since for any étale U → X1 with U affine we have H1(U,Fn) = 0, it follows that
Gn(U) = In(U)/Fn(U). In particular, the sequence
0 →
∏
n
Fn →
∏
n
In →
∏
n
Gn → 0
is exact. From this and the above we deduce an exact sequence
0 → lim
←−
n
Fn → lim
←−
n
In → lim
←−
n
Gn → 0
hence lim
←−
(1)
n
Fn = 0 and lim
←−
(m)
n
Fn = lim
←−
(m−1)
n
Gn for m > 1. Since {Gn} also satisfies (a) and (b), part (i)
follows by induction on m.
For (ii), consider the exact sequence (n ≥ 2)
1 → 1 + p2OXn → Gm,Xn → Gm,X2 → 1.
Since X is flat over T , the isomorphism of Lemma 2 induces canonical isomorphisms 1 + p2OXn  p2OXn ,
compatible for varying n. So taking limits in the exact sequence we get surjective maps
lim
←−
n
(m) p2OXn ։ lim←−
n
(m)Gm,Xn
for all m ≥ 1. Thus it suffices to show that lim
←−
(m)
n
p2OXn = 0 for m ≥ 1, which follows from (i). Since lim←− n
commutes with taking global sections and preserves injectives ([12, 1.17]), (iii) follows from (ii). 
Proposition 5. If k is finite, then the canonical map H2(X1,Gm, ˆX) → lim←− n H
2(X1,Gm,Xn) = lim←− n H
2(Xn,Gm)
is surjective on p-primary torsion components.
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Proof. By Proposition 4 (iii) and [12, 3.1] we have an exact sequence
0 → lim
←−
n
(1)H1(Xn,Gm,Xn) → H2(X1,Gm, ˆX) → lim←−
n
H2(Xn,Gm,Xn) → 0
so it suffices to show that lim
←−
(1)
n
H1(Xn,Gm,Xn) = lim←−
(1)
n
Pic(Xn) is p-divisible. Now let P := Pic(X1), Pn :=
im(Pic(Xn) → P) and Qn := ker(Pic(Xn) → P). We have an exact sequence
H1(XkV , 1 + pOXn ) → Pic(Xn) → P → H2(XkV , 1 + pOXn ).
Consider the finite filtration of 1 + pOXn
1 = 1 + pnOXn ⊂ 1 + pn−1OXn ⊂ · · · ⊂ 1 + pOXn .
It has length n − 2 and its graded is annihilated by p. It follows that for all i the group Hi(XkV , 1 + pOXn ) is
annihilated by pn−1. Since k is finite, this group is finite and we have lim
←−
(1)
n
Qn = 0, lim
←−
(1)
n
Pic(Xn) = lim
←−
(1)
n
Pn,
and for all n we have pn−1P ⊂ Pn, so we have surjective maps P/pn−1P → P/Pn. Since P is a finitely
generated abelian group (again since k is finite), P/pn−1P is finite for all n and we get a surjective map
P ⊗ Zp = lim
←−
n
P/pn−1P։ lim
←−
n
P/Pn.
So lim
←−
(1)
n
Pn =
(
lim
←− n
P/Pn
)
/P is a quotient of the p-divisible abelian group (P ⊗ Zp)/P, hence is also p-
divisible. 
Together with Proposition 3 this implies
Corollary 12. If k is finite, then the canonical map Br(X) → lim
←− n
H2(Xn,Gm) is surjective on p-primary
torsion components.
From Corollary 10 we can now deduce the following (cf. [1, IV, 2.1]).
Theorem 7. Assume k is finite. If Φ1 is formally smooth and Φ2 is of finite height, then the canonical map
Vp Br(X ¯V ) → Vp Br(X¯k) is surjective.
Proof. By Corollary 12, the canonical map
Br(XV ′) → lim
←−
n
H2(XV ′,n,Gm)
is surjective on p-primary torsion, hence so is the map
Br(X
¯V ) → lim−→
V ′⊂ ¯V
lim
←−
n
H2(XV ′,n,Gm).
So by Corollary 10 the composition
Br(X
¯V ) → lim−→
V ′⊂ ¯V
lim
←−
n
H2(XV ′,n,Gm) → Br(X¯k)
is surjective on p-primary torsion. Finally we have Br(XV ′) ⊂ Br(XV ′ ⊗V K) ([10, II, 1.10]), hence Br(X ¯V ) ⊗
Zp ⊂ Br(X ¯K) ⊗ Zp is a finite direct sum of subgroups of Qp/Zp, and this implies that the map
Vp Br(X ¯V ) → Vp Br(X¯k)
is surjective. 
Corollary 13. Assume k is finite. If Φ1 is formally smooth and Φ2 is of finite height, then Vp Br(X¯k) is a
subquotient of Vp Br(X ¯K).
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Applied to our elliptic modular surface E = E(N) ⊗Z[ζN ] W with N ≥ 3, this implies
Corollary 14. If k is finite and the formal Brauer group of Ek has finite height, then Tp Br(E ¯k) = 0.
Proof. As noted in 3.1.1, Φ1 is formally smooth over W, so Φ2 is representable by a formal Lie group over
W. Moreover, it is easy to see that Φ2 has finite height since Φ2 ⊗W k does by assumption. So by the last
corollary Vp Br(E ¯k) is a subquotient of Vp Br(E ¯K). It follows from Corollary 5 that Vp Br(E ¯k) is a Hodge-
Tate representation whose weights are contained in {±1}. Since it is an unramified representation, this is
only possible if it is zero. 
References
1. M. Artin and B. Mazur, Formal groups arising from algebraic varieties, Ann. Sci. E.N.S. (4ème série) 10 (1977), no. 1, 87–131.
2. P. Berthelot, A. Grothendieck, and L. Illusie (eds.), Théorie des intersections et théorème de Riemann-Roch (SGA 6), Lecture notes
in mathematics, vol. 225, Springer, 1971.
3. R. Coleman and B. Edixhoven, On the semi-simplicity of the Up-operator on modular forms, Math. Ann. 310 (1998), 119–127.
4. P. Colmez and J.-M. Fontaine, Construction de représentations semi-stables, Invent. Math. 140 (2000), 1–43.
5. P. Deligne, Formes modulaires et représentations l-adiques, Séminaire Bourbaki 1968/69, Lecture notes in mathematics, vol. 179,
Springer, 1971.
6. P. Deligne and M. Rapoport, Les schémas de modules de courbes elliptiques, Modular functions of one variable II, Lecture notes
in mathematics, vol. 349, Springer, 1973.
7. G. Faltings, Hodge-Tate structures and modular forms, Math. Ann. 278 (1987), 133–149.
8. J.-M. Fontaine, Le corps des périodes p-adiques, Astérisque 223 (1994), 59–111.
9. , Représentations p-adiques semi-stables, Astérisque 223 (1994), 113–184.
10. A. Grothendieck, Le groupe de Brauer, Dix exposés sur la cohomologie des schémas, North-Holland Pub. Co., 1968.
11. A. Grothendieck and J. Dieudonné, Éléments de géométrie algébrique, Publ. math. I.H.E.S. 4,8,11,17,20,24,28,32 (1960-1967).
12. U. Jannsen, Continuous étale cohomology, Math. Ann. 280 (1988), 207–245.
13. S. L. Kleiman, The Picard scheme, Fundamental algebraic geometry, Mathematical surveys and monographs, vol. 123, AMS, 2005.
14. J.S. Milne, On a conjecture of Artin and Tate, Annals of Math. 102 (1975), 517–533.
15. K.A. Ribet, Galois representations attached to eigenforms with Nebentypus, Modular functions of one variable V, Lecture notes in
mathematics, vol. 601, Springer, 1977.
16. M. Schütt and T. Shioda, Elliptic surfaces, Adv. Stud. Pure Math. 60 (2010), 51–160.
17. J.-P. Serre, Quelques applications du théorème de densité de Chebotarev, Publ. Math. I.H.E.S. 54 (1981), 123–201.
18. T. Shioda, On elliptic modular surfaces, J. Math. Soc. Japan 24 (1972), no. 1, 20–59.
19. , Algebraic cycles on certain K3 surfaces in characteristic p, Manifolds–Tokyo 1973 (Proc. Internat. Conf., Tokyo, 1973),
Univ. of Tokyo Press, 1975, pp. 357–364.
20. J. Tate, p-divisible groups, Proc. Conf. Local Fields (Driebergen 1966) (T.A. Springer, ed.), Springer, 1967, pp. 158–183.
E-mail address: remi.shankar@gmail.com
